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ABSTRACT

The displacement map related to small polynomial perturbations of the
planar Hamiltonian system dH = 0 is studied in the elliptic case H =
%yz + %12 — %133. An estimate of the number of isolated zeros for each of
the successive Melnikov functions My (h), k = 1,2,... is given in terms of
the order k& and the maximal degree n of the perturbation. This sets up
an upper bound to the number of limit cycles emerging from the periodic
orbits of the Hamiltonian system under polynomial perturbations.

1. Introduction

We consider polynomial perturbations of the Hamiltonian vector field with a
Hamiltonian H(z,y) = 3y* + 12° — 3o

(1) a'czy—i—ef(a:,y,s),
¥ =—z+2°+eg(z,y,€).

In (1), f and g are polynomials of z,y with coefficients depending analytically
on the small parameter . The Hamiltonian H is known from the unfolding of a
cusp singularity, called the Bogdanov-Takens unfolding. The unperturbed vector
field has a periodic trajectory for Hamiltonian levels in (0, %)
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Let us denote n = max (deg f,degg). We will assume that n > 2. Using the
energy level H = h as a parameter, h € (0, é), we can express the first return
mapping P of (1) in terms of h and €. The corresponding displacement function
d(h,e} = P(h,e) — h has a representation as a power series in &,

(2) d(h,e) = eMy(h) + e2My(h) + 2 M3(h) + - - -,

which is convergent for small e. The zeros in (0, —é) of the first nonvanishing

Melnikov function M (h) in (2) determine the limit cycles in (1) emerging from
periodic orbits of the unperturbed Hamiltonian system. In more general context,
the problem (posed by V. Arnol’d [1]) of estimating the number of zeros of the
Melnikov functions My(h), given by Abelian integrals, is sometimes called the
weakened (infinitesimal) 16th Hilbert problem.

If M;(h) =0 in (2), then the perturbation is said to be conservative (but this
might be misleading). For nonconservative perturbations, system (1) has been
studied by Petrov [9], who found the exact estimate of n — 1 for the number of
zeros of My (h) in (0, 1), and by Mardesi¢ (7], who gave the same sharp estimate
for the total number of limit cycles in (1) bifurcating in the finite part of the
(z,y)-plane. The “conservative” case was considered by Bao-yi Li and Zhi-fen
Zhang [6]. Under the restriction My(h) # 0, they obtained a sharp upper bound
of 2n—2 (n even) and 2n—3 (n odd) for both the zeros of M3 and the cycles of (1)
in the finite plane. In this paper, we consider the problem without any restriction.
We give a general estimate for any My (h) and obtain the exact estimate of 3n —4
for both the zeros and the cycles, provided M;(h} = My(h) =0, Ma(h) # 0. The
general result is

THEOREM 1: Assume that My(h) is the first Melnikov function in (2) which does
not vanish identically. Then My(h) has no more than k(n — 1) zeros, counting
the multiplicity.

It turns out that the result in Theorem 1 is exact only for k=1or k=2 and n
even. For all other cases, the estimate can be improved by one.

THEOREM 2: Assume that My (h) is the first Melnikov function in (2) which does
not vanish identically. If k > 3 or k = 2 and n is odd, then M (h) has no more
than k(n — 1) — 1 zeros, counting the multiplicity.

Apparently, this estimate may be sharp for the first few k only. There should
exist a k = k(n) after which the exact upper bound becomes stationary, see e.g.
Proposition 4.1 in [2]. For instance, in the quadratic case n = 2, it is well known
that all Melnikov functions beginning from the second one M, can have at most
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two zeros [4], [10]. However, for n > 3, the level at which the number of zeros of
M, will stabilize, is unknown even as a hypothesis. In this connection, we prove

PRrOPOSITION 1: For k = 3, the upper bound from Theorem 2 is sharp.

Moreover, in Section 4 below we provide an exampie of a cubic perturbation with
M, (h) = My(h) = M3(h) = 0 and M,(h) having seven zeros. This fact suggests
that the upper bound from Theorem 2 should be exact also for k =4, n > 3.

It is a well-known fact [6], [7] that the upper bound for the number of zeros of
the related Melnikov function in (0, %) also yields an estimate for the cycles. For
a completeness, we formulate without proving a similar result. The proof is the
same as in [6}, [7].

THEOREM 3: Assume that My(h), k > 3, is the first nonvanishing Melnikov
function in (2). Then system (1) has no more than k(n — 1) — 1 limit cycles in
the finite plane.

We note that limit cycles escaping to infinity as € — 0 could appear in (1). They
cannot be studied by inspecting the zeros of My (h). For this reason we emphasize
the fact that Theorem 3 concerns the limit cycles in the finite plane only.

In the table below, we sum the known results about exact upper bounds for
both the cycles and zeros obtainable from kth order analysis (in €) of an nth
degree polynomially perturbed system (1):

Table 1
k=1 2 3 4 5
n=1 0 0 0 0 ]
2 1 2 2 2 2
3 2 3 5 7
4 3 6 8
5 4 7 11
2m 2m—-1 4m -2 6m—4
2m+1 2m dm—-1 6m-—1

The paper is organized as follows. In the next Section 2 we consider the
polynomial one-forms and their cohomology decompositions related to H (we
accept the terminology from [3]). In Section 3 we use Frangoise’s recursive method
(2], [5], [10], [11] to obtain an upper estimate for the degree of the polynomial
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one-form that, when integrated along the oval C {H = h}, yields M (h). Based
on this, we then prove Theorems 1 and 2. In Section 4 we provide, for k = 3,
an estimate from below for the number of zeros, needed to verify Proposition 1.
Finally, we give an example suggesting that a similar result is true for k = 4 as
well.

2. Relative cohomology decompositions of one-forms

We consider polynomial one-forms of degree m,

w=g(z,y)de — f(z,y)dy= Y bya'yidr— Y ayz'y'dy,

i+j<m i+j<m
as well as polynomial one-forms of weighted degree m,

w =g($, Y, H)d.'E - f(za Y, H)dy
= Z bijk:ciyijd:v - Z aijka:iyijdy.
i+j+2k<m i+j+2k<m

For the polynomials f(z,y,H) and g(z,y, H) themselves we say they are of
weighted degree m. In what follows, we will write for short w-degw = m and
respectively w-deg f = m. The leading part of each polynomial (or one-form)
of weighted degree m involves just the terms having weighted degrees exactly m.

Denote w;; = 'y dz, 0;j = z'y’dy and then put Qp = wo; = ydz, 4 = wn =
zydz,

Jk(h) :/ Qka k:()ylv he (0’%)
H=h
Below, [s] denotes the entire part of s. We first prove

LeEMMA 1 (Relative cohomology decomposition of one-forms): Any polynomial
one-form w of degree m can be expressed as

(3) w = dR(z,y,H) + r(z,y, H)dH + o(H)Q + B(H)

where H = 3y? + 12? — 123 and:

(i) R(zx,y,H) and r(z,y, H) are polynomials of weighted degrees m + 1 and
m — 1 respectively.

(ii) For = = 0, the leading part of r vanishes and the leading part of R does
not depend on H.

(iii) a(h) and B(h) are polynomials of degrees [3(m — 1)] and [3(m — 2)]
respectively.
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Proof: The proof consists of straightforward calculations. Let i +j < m. We
have .

i
j+1

O = — d(xiy? ! Wis1it1,
i ]+1 ( Y ) 1,5+1

so we only need to consider the forms w;;.
1) Assume first that i > 2. Then

o (1 (1 1
wi; =z'yldr = 2" id | 22® ) =2 Hd (2t + Sy - H
3 2 2
= lylde 4+ 212y Mdy — 2%y dH
1—2 1 . . :
.'L‘l 1 ]d _ l 3 ]+2d +d( 1—2 j+2) _ ei—2 JdH.
! Jj+ it2” Jjt+ 97 Y vy

Hence, it remains to consider the one-forms y’dz and zy’dz.
2) Assume that j is even. Then

. 2 ..
v =(2H — 2* + 513)”2

il2

. 2
_Z (]/2) 2H)]/2—k($2__3_w3)k
3/2 k .
:ZZ(_U}H—Z 312\ (k 2j/‘2—k(2)lHj/2—k$2k+é
k l 3
k=0 1=0
i’k
_ZZCJ“ Hj/2—k$2k+l.
k=0 1=0
Hence
/2 k y
W = 3, 3/2—k 3 2k+i+1
de = ZZ%HH 3 B
k=0 (=0
iz k
— 3,kl lp2k+i+1 pi/2—k
d Zz2k+l+l 3) H
k=0 1=0
i/2-1 k
J/2=k 20 okiierppij2—k—-1
1 Y. > Ciris———3)= H’ dH
— = 2k+1+1'3

i/2 k
=d ZZ okt g2+ (g2 o o) gi/2k
i 2k+1+1

1 k

2—
0 i=

i/
Z e F I+ 1

C. i/2—k 2(k—l)+1(x2_+_y2_2H)lHj/2—k—1 dH.
0
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We proceed in a similar way with zy7dz. Thus we have obtained that in the
considered case the polynomials R and r in (3) take the required form.
3) Assume now that j > 3 is odd. Then we get

. ) 2
ydr =y 2QH - 2% + §x3)dx
=2Hy " 2dr — y'~2%d lx3 - 1$4
3 6

) . 1 1 1 1 1
= 3200 0324 Z 22 2 - it
2Hy' ~*dz — y d(gx + 8y 4xy 4H+ 2wH)

3 . -2 . 1,
=§Hy’"2dz+ J4j ydz — ny7‘2dx

1 A | ‘
- = - J4 (1 — j—2
4jd(1 2z)y +4(1 2z)y’ " °dH.

After solving this equation with respect to y?dz one obtains

. 6j - J .
ide = —>— Hy' 2dg— ———z17~2d

——-—1—d(1 —2z)y’ + ——]—(1 —22)y'"%dH.

3j+2 3j+2
In a similar way we get
cy'de — ——y'dz = .6j Hzy' ~%dz — ,j zy' %dz
3j+4 3j+4 3j+4
- :—;j—i—zd(l +z —22%)y’
+ 3—].%—4(1 +z —22%)y’ T2dH.

From the last two equations we get that, with some positive a;, b;, c;,

ydr =(a; HU=Y/2 4 1.0.4.)0 + (Lo.t.) + dRjo + rjodH,
(4) eylde =(c;HY™Y/2 4+ Lot.)Q + (b HU V2 4 Lo.t.)
+ del + ’I‘jldH,

where Rjy, r;i satisfy the requirements in (i), (ii) and by l.o.t. we have denoted
the lower order terms in H.

By 1), 2) and 3), the proof of Lemma 1 is complete. |
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Remark 1: The quotient vector space 1y of all polynomial one-forms w =
g(z,y)dz — f(z,y)dy, modulo polynomial one-forms dR + rdH, was consid-
ered firstly by Petrov [8], without specifying the structure of R and r. Qg
is a free module over the ring of polynomials R[], under the multiplication

————

P(h)o = P(H)w where & denotes the equivalence class corresponding to w.

LEMMA 2: Assume that the polynomial one-form w of degree m satisfies the
identity [,;_, w =0 for h € (0,%). Then

(5) w=dR(z,y,H) + r(z,y, H)dH

where, in addition to (i) and (ii),

(iv) The leading part of r is even with respect to y and has the same evenness
with respect to x asm — 1.

(v) The leading part of r is a constant multiplier of foz my™ (s, H)ds (m
even) and of [ (m—1)sy™3(s, H)ds (m odd), where y*(s, H) = 2H — s* + 253.

Proof: By Lemma 1, we have
) 1) = [ w=ata(t) +ARIAR

and I(h) = 0 is equivalent to a(h) = B(h) = 0, see [6], [7], [9]. Hence, from part
3) of the proof of Lemma 1 above, all coefficients at y/dzx and zy’dz, j odd, will
vanish. Then (iv) follows from part 2) of the preceding proof. To obtain (v}, let
us assume for definiteness that m is odd. Then the leading part of r comes from
the one-form wy -1 = zy™ 'dz. Denoting U(z,H) = [ sy™ (s, H)ds, then
wim—1 = dU(z,H) — Ug(z, H)dH and, since yyg = 1, (v) follows. 1

COROLLARY 1: Any polynomial one-form w of weighted degree m can be decom-
posed into the form (3) where (i), (iii) still hold. If f,_, w = 0, then (5) holds
as well.

COROLLARY 2: Any integral I(h) = [,,_, w of polynomial one-form of weighted
degree m has at most m — 1 isolated zeros in (0, §).

Proof: From Corollary 1, I(h) can be expressed by (6). Then the well-known
result of Petrov [9] applies to this integral which proves the assertion. |
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COROLLARY 3: Let w be a polynomial one-form of odd weighted degree m with
a leading part having a multiplier z*. Then:

(a) I(h) = [;_, w has at most m — 2 isolated zeros in (0, }).

(b) In the decomposition (3), the leading part of r has a multiplier z*.

Proof: The leading part of w is a linear combination of one-forms z*+%y H*dz,
2y H*dy, 2 +i+ 5+ 2k = m. The first form and the second one (when i > 0)
can be reduced to lower-degree forms, as we have done in point 1) of the proof of
Lemma 1. It remains to consider 22y’ H*dy. Since j is odd now, an integral of
this form is zero. Therefore in (iii), a(h) and B(h) are polynomials of degrees at
most [1(m — 2)] and [3(m — 3)], respectively. From this observation, (a) follows.
Further we have, modulo exact forms, that

) k . 2 )
$2y‘]dey = —m$2y]+1Hk—ldH — m$y]+1de$,

henceforth (b) follows from point 2) in the proof of Lemma 1. ]

3. Higher-order Melnikov functions and estimations of their zeros

To apply Francoise’s procedure [2] for a calculation of the higher-order Melnikov
functions My (h), we write system (1) in a Pfaffian form

(7) dH —ewy — 2wy — -+ =0

where w; = g;(z,y)dz — fij(z,y)dy with deg f; < n, degg; < n.

LeEMMA 3 (Frangoise’s recursion formula, cf. [2], [5], [10]): Assume that for some

k>2 Mi(h)="--= My_1(h) =0 in (2). Then
(®) M) = [
H=h
where
9) O =w, Pp=wn+t+ z riwj, 2<m<k,
i+j=m

and the functions r;, 1 <1i < k — 1 are determined successively from the repre-
sentations ®; = dR; + r;dH.

Proof: We obtain the proof by induction, cf. [2], {10]. The identity (3) yields
that

/ P, =0 & &,=dR;, +r;dH.
H=h
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We multiply (7) by 1+ery +- -+ +&Frg and then rearrange the monomials in the
resulting expression to obtain

dH + 6(7’1dH — wl) + 62(T2dH — W — (U2) S

+ ¥ (redH — rp_qwy — - — Pwg— — wi) = O(eM).
By (9), this is equivalent to
dH = (edRy + €%dRy + - -- + e* YRy 1) + e¥(®), — rpdH) + O(e*1).

We integrate the last equation along the phase curve vy used in the determination
of the first return map. Taking into account that

/ dH = d(h,¢), /(ede +€%dRy + -+ eF YRy _1) = O(eF )
Y i

(the last estimate follows from the fact that d(h,e) = O(e*), cf. [5]), we obtain

d(h,¢) :Ek/(@k—rde)—i-O(skH) :sk/H hfbk—l—O(sk“).
y =

Note that the above argument is also valid in a neighborhood of the saddle loop
contained in {H = 1}, cf. [4]. |

COROLLARY 4: For any k, ®, is a polynomial one-form of weighted degree kn —
kE+1.

Proof: From Lemma 1, r;(z,y, H) is a polynomial and w-degr; = w-deg ®; — 1.
Then, by Lemma 3, we get recursively that w-deg®; = n, w-deg®,, = n +
max (w-degr;) = n — 1 + w-deg ®,,_1 which yields the result. 1

Proof of Theorem 1: From Corollaries 2 and 4, Theorem 1 follows. |

Proof of Theorem 2: (i) Let n be odd. Then, for any k, &5 is a form of
odd weighted degree my = k(n — 1) + 1. Assume that M;(h) = 0. We write
71 = 71 + 71 where 71 and #; are the leading and the lower part of ry accordingly.
This induces a corresponding decomposition @9 = wy + rw; = @, + &, where
w-deg &y =2n —2 and <f>2 = f1w1. From Lemmas 1, 2 and since m; = n is odd,
we see 71 has z% as a multiplier. Then Corollary 3, applied to ®,, yields that
Mo (h) has at most my — 2 = 2n — 3 zeros and that 7, has z% as a multiplier. If
M, (h) = My(h) = 0, we repeat the above argument for ®3 = w3 + rywy + rows,
&y = fow1, and so on. Theorem 2 is proved for an odd n.
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(ii) Assume that n is even. Then keeping the preceding notation, we prove the
lemma below, from which Theorem 2 is a consequence. Indeed, 75 = 0 implies
that 7, = 0 for all k£ > 3, hence w-deg ®;, = k(n — 1), k > 3 and the result in the
considered case follows from Corollary 2. Theorem 2 is completely proved. 1

LEMMA 4: Let n be even and My (h) = Ma(h) =0. Then #3 = 0.

Proof: Recall that #; and R, are of odd weighted degrees n — 1 and n + 1,
respectively. According to Lemma 2 (v} we have 71 = b foz y"~2(s, H)ds. Then,
modulo lower degree forms,

(10) &, = #1dy = #1(dRy + A1dH) = d(ARy) + (72 — Ryfy g)dH — Ry Lde.

Note that by Lemma 2 (iv) 7, considered as a weighted polynomial, is an even
function of y and an odd function of z. Writing R, as a sum of an even and odd
part with respect to y, Ri=E + 01, we see that F; has z as a multiplier, while
by Lemma 1 (ii), O; = ay™*! + O(z2). Then, 01 odz = aby®* 'dz + w where
w is a form of an odd weighted degree 2n — 1 having a multiplier z2. Therefore,

/ By = —ab / g + alh)Jo(h) + B()J1 (k)
H=h H=h

where deg a, 8 < n — 2. Since My(h) = 0 this means that ab = 0, thus either
71 =0 or R (0,y, H) = 0. In the latter case, both R, and #; have a multiplier
z, and moreover, E’lf'lyzdm consists of one-forms z'*t*y/ H*dz, 4,j even. Using
(10), Corollary 3 and the same argument as in the proof of Lemma 1, part 2),
we see that 7, will have a multiplier 22 in this case.

Now, if #; = 0, then 73 = 0. Provided R (0,y, H) = 0, then the one-form y"dy
is missing in w; = gy (z,y)dz — f1(x,y)dy. Thus 72@; will include the one-forms
(of weighted degree 3n — 2) z*+2yd H*dzx, z'+3y H*dy, that are all reduced to
lower-degree forms. Therefore 73 = 0 and the lemma is proved. n

4. Estimations from below

Proof of Proposition 1: Tt suffices to provide an example of a particular system
for which M3(h) has just 3n — 4 zeros in (0, §). Assume first that n > 2 is even.
To obtain the result in Table 1 for £ = 3, we take in (7) w1 = d{zA(y)+ B(y)} +
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ri(z,y)dH, wa = d{zC(y) + D(y)}, ws = {zP(y) + Q(y) }dz where r| = zy"~3,

Ayy=ayP +ar® +-- +anpy™

B(y) = biy® + boy® + -+ + by o™,

Cly) = cay* + c3p® + -+ + € 2y™,

D(y) = day* + dag® + - - - + dnoy™,

Py) =poy+py3 + -+ Pnjpry™ !,

QW) =gy +ay* + - +dnjp1y™ "

This choice implies that My(h) = Mz(h) =0, M3(h) = fH:h(wg + riws + rowy ).

First, we have

/ rws= [ {20 + 2yt D' (y)dy + oy 3C(y)de
H=h H=h

(11)

= [ {zsy"3Cly) - 2C1(y)] — D1(y)}dx
H=h

where C} = y"~3C’, D} = y"3D’. Using (11), we get via direct calculations
that

/ riwy = / {(62z+(i2)yn+l+(E3:1:+J3)y"+3+' . '+(én/2$+‘in/2)y2n—3}dz

with n—2%k—3 , 2%

BT I L T
Second, to evaluate rq, we obtain (modulo exact forms)
rwy =zy" 3 {A(y)dz + zA'(y)dy + B'(y)dy} + z’y*"%dH
=~ {z[24:1(y) — y" 2 A(W)] + By (y) }dz + 2*y*"°dH,
with A} = y"34’, B} = y"*B’. We next take y* = y*(z, H) = 2H — 22 4 §$3

and denote

Aol ) = [ " sl2Au(y(s, H)) — ™35, H) A(u(s, H))ds,

dk.

Cr,

By(z,H) =/0$ Bi(y(s, H))ds.
Then ryw = ro(z,y, H)dH (modulo exact forms) where
ro(z,y, H) = O As(x, H) + 8 Ba(z, H) + z%y* 5.
Thus
/ Towy = / rod{zA(y) + B(y)} + roridH
H=h H=h

=— / {zA(y) + B(y)}{0Ozr2dx + 8yrody + OyrodH}.
H=h
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An easy calculation yields

8:0n As(x, H) =z[2A (y) — (n = 3)y" *Ay) — y" 34’ (v)|0ny(z, H)
=z[y" A (y) — (n - 3)y" P A(y))-

Similarly, 8,0y Bs(z, H) = y"~*B'(y). We use all this to obtain

/ rawr = —(n — 3) [ 2{3A(y) + 2B(5) > dy
H=h H=h

- /H _h{wA(y)+B(y)}{x[2y2"“6+y”‘4A’(y)—(n—3)y"‘5A(y)]+y”'4B'(y)}dw-

Finally, we make use of (11) and, after long but elementary calculations, we
obtain

21

/ Tow = —/ (ka + wk)y3"_2k_3 + lo.t. 3 dz.
H=h H=h k=0

In this formula, vg = 0, wo = (n+ 1)b? ,,and for k=1,...,n/2 — 1,
n/2

Ve = Z [(4 = 2j)ans2-i +(n—2k+ 5)bn/2—i] Onj2—j

i+i=k
12-4k n—dkt6, A
3n—2k—3 MR T 3p o g Ak ez
wg = Z (n =25+ 1)bnj2—ibnja—;-
i+j=k

After we express vy and wg, k£ > 0, in the form

vk ={(n — 2k + 5)bn 2} 2—k + Vi(@n/2-k+1:0nj2-kt15 - - Gny2,bny2)s
Wk :{(27’L -2k+ 2)bn/2}bn/2—k + Wk(bn/Z—k+17 R bn/2)a

we see that they are all independently free constants, provided b,/, # 0. Thus
we get, with all constants independent,

Mg(h) = / (w3 + riwz + Tzwl)
H=h

3n/2-3 3n/2-2
= Z ,Hk;vy%de-l-/ z aky2k+1dx.
H=h 3o H=h =

The last formula guarantees, by (4), that Ms(h) = a(h)Jo(h) + B(h)J1(h) where

dega = %’—‘ —2,degfB = 37" — 3 and all of the 3n — 3 coefficients in ¢, § are
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independently free. Thus we can choose the coefficients in (11) so that M3 will
have just 3n — 4 zeros in (0, %) The proof for an even n is complete.

Consider now the case when n > 2 is odd.

We take w; = d{z%A(y) + zB(y) }+7"1( )dH, wy = d{22C(y) +zD(y)},
wy = {zP(y) + Q(y)}dz where 1| = y™~

Aly) =ay + ay® +- -+ ag_z2y" 7,
B(y) = boy + ry® + -+ + bn—1)/24™,
S(y) = soy + 519> + - + S(n—1) 20",
Cly) =y +cy*+ -+ C(n—l)/2yn_la
(y) = dy® + day® + - + d(r_ny 2y,
(1) =poy +P1y® + -+ + Pn—3)/29" 2,
Q) = qy+qy®+- + sy

The remaining part of the proof in this case repeats the argument stated above.
The final formula we obtain for an odd n is
(3n—5)/2

M;(h) = / (w3 + riwy + Towr) / Z (Beazy®+! + apy® ) dz.
H=h H=h =
We will omit the details. Proposition 1 is proved. ]

Below we construct a cubic perturbation in (1) that has seven cycles, obtained
from fourth-order analysis (in €). We take in (7) w1 = dRi(z,y, H) + ri(z)dH
where

Ry = azy® + by* + o( 5%y — 20?H — Bzt + 32%), i =c(a® - 21).

The one-form wy is so chosen (this is the most difficult part of the construction)
that riwy = redH, rowy = F3dH, 3wy = F4dH+(OL3H3+' : ')Qo+(ﬁ3H3+' )Y
(here and below, the equalities are assumed modulo exact forms). Next, one can
take wq = d(agxy + Boz?y?), w3 = d(B1y?) and wy = (coy + Bozy + any®)dz.
As riwy = T3 dH we obtain, with r3 = ¥3 + rg,, that &, = rdH for k =1,2,3.
Thus My(h) =0, k = 1,2,3. To calculate 73 and r3, we write R; = azy3 + Ro
and consider Ry as a function of x and H only (this is possible since y? =
2H — 22 + 22%). Then

r1(dRo + rdH) = (r? + r1Ron)dH + 1 Roade
= (r} + r1Roy — E1g)dH = ro(z, H)dH

where E1(z, H) = [ ri(s)Ros(s, H)ds. Since (z% — 2z)d(zy®) = 2y°dH, one
obtains
ry = 2acy3 + r% +rmBRog — Frg-
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Further, we have
rowy =(2acy® + ro)[d(azy® + Ro) + r1dH)
=2acy®dRy + 2acy’r1dH + rod(azy®)
+ 2acy®d(azy®) + rodRy + roridH.

After straightforward but long calculations, and making use of the formulas from
point 3) in the proof of Lemma 1, one obtains

2acy®dRy + rod(azy®) = [8abe(22® + y* — %)y + gaczx2y3]dH.
Next, we have
rodRo = — Ro(rogdH + 7oz dx)
= — RoropdH — Ro(2r17) + r1 Rogr + 71 Roenr — Erzn)dz
= — RoroudH ~ Rori(2r1 + Ron)dz = (Ean — Roron)dH,

with Ea(z,H) = [ Ro(s, H)r{(s)[2r1(s) + Rou(s, H)]ds. In combination, all
this yields

3 =8abc(2z? + 2 — )y + 4a02(%m2 —z)y3
— E3n + Ean — Roron + o715
r3=c[frz? + %(az — f2)z® — 20527,
where E3(z, H) = a’c 0 y®(s, H)ds. Writing 73 as a sum 73 = €3 + 03 of an even
and odd function, we next have (modulo forms d@ + qdH)
(12) Fawy = (e3 + 03)[d(azy® + Ro) + r1dH] = (—azy3es, + 03Roz)da
Using the functions we introduced, we get
€3z = — Ezzn + Eagn — RooTon — RoTozH + TozT1 + 10T}
= — Es;n + 71 Rou(2r1 + Ron) + r{RoRorn — Roz(r1Ronn — Ermn)
— RoriRon + 1(2r1 + Rog)r1 + (] + r1Ron — Eum)ry
= — Bzt — Roe(r1Rons — Baun) + 7133 + 41 Rowr + Ry — Exm).
Calculating

2 23
Ry =4by*(z? —z) + c(gac4 - gzy2 - —5—:33 + 4z?),

2
Roy =tby* — zea?,
1 4 8 3

8 16
Eiy =bc(5$ — 62* + %) — (51: BT )

Es.q =6azcy4
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and replacing in (12), we obtain (this is a rather long and boring procedure which
we omit here)

/ Fawy = ac/ (6a’zy” — Lbey” + Bc2zyd)dz.
A much more easy calculation yields
/ (wa + rMws + rows+ ?3&)1)
H=h
=/ (o + Box)y + (e1 + 281 — 2¢B1z)y> + 2ac(ay + 262z)y°)dz.
H=h

If we choose the coefficients ok, Bk, a, b, ¢ in a proper way, then clearly My(h)
will have seven zeros in (0, %) This completes our construction.

This last example suggests that the upper bound in Theorem 2 should be exact
for k =4, n > 3 as well.
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